We expand the time reversal symmetry arguments of quantum mechanics, originally proposed by Wigner in the context of unitary dynamics, to contain situations including generalized measurements for monitored quantum systems. We propose a scheme to derive the time reversed measurement operators by considering the Schrödinger picture dynamics of a qubit coupled to a measuring device, and show that the time reversed measurement operators form a Positive Operator Valued Measure (POVM) set. We present three particular examples to illustrate time reversal of measurement operators : (1) the Gaussian spin measurement, (2) a dichotomous POVM for spin, and (3) the measurement of qubit fluorescence. We then propose a general rule to unravel any rank two qubit measurement, and show that the backward dynamics obeys the retrodicted equations of the forward dynamics starting from the time reversed final state. We demonstrate the time reversal invariance of dynamical equations using the example of qubit fluorescence. We also generalize the discussion of a statistical arrow of time for continuous quantum measurements introduced by Dressel et al. [Phys. Rev. Lett. 119, 220507 (2017)]: we show that the backward probabilities can be computed from a process similar to retrodiction from the time reversed final state, and extend the definition of an arrow of time to ensembles prepared with pre-and post-selections, where we obtain a non-vanishing arrow of time in general. We discuss sufficient conditions for when time's arrow vanishes and show our method also captures the contributions to time's arrow due to natural physical processes like relaxation of an atom to its ground state. As a special case, we recover the time reversibility of the weak value as its complex conjugate using our method, and discuss how our conclusions differ from the time-symmetry argument of Aharonov-Bergmann-Lebowitz (ABL) rule.
We expand the time reversal symmetry arguments of quantum mechanics, originally proposed by Wigner in the context of unitary dynamics, to contain situations including generalized measurements for monitored quantum systems. We propose a scheme to derive the time reversed measurement operators by considering the Schrödinger picture dynamics of a qubit coupled to a measuring device, and show that the time reversed measurement operators form a Positive Operator Valued Measure (POVM) set. We present three particular examples to illustrate time reversal of measurement operators : (1) the Gaussian spin measurement, (2) a dichotomous POVM for spin, and (3) the measurement of qubit fluorescence. We then propose a general rule to unravel any rank two qubit measurement, and show that the backward dynamics obeys the retrodicted equations of the forward dynamics starting from the time reversed final state. We demonstrate the time reversal invariance of dynamical equations using the example of qubit fluorescence. We also generalize the discussion of a statistical arrow of time for continuous quantum measurements introduced by Dressel et al. [Phys. Rev. Lett. 119, 220507 (2017)]: we show that the backward probabilities can be computed from a process similar to retrodiction from the time reversed final state, and extend the definition of an arrow of time to ensembles prepared with pre-and post-selections, where we obtain a non-vanishing arrow of time in general. We discuss sufficient conditions for when time's arrow vanishes and show our method also captures the contributions to time's arrow due to natural physical processes like relaxation of an atom to its ground state. As a special case, we recover the time reversibility of the weak value as its complex conjugate using our method, and discuss how our conclusions differ from the time-symmetry argument of Aharonov-Bergmann-Lebowitz (ABL) rule.
I. INTRODUCTION

Although most
1 of the microscopic laws of physics are invariant under a suitable time reversal symmetry operation, there seems to exist a preferred ordering in which events are more likely to happen than otherwise, in the macroscopic world. This is true for a box of an ideal gas -where one can practically keep track of the dynamics of every single molecule given their initial conditions, and knowing all the microscopic interactions, while the second law of thermodynamics dictates that the gas molecules within the box re-distribute themselves and evolve towards a final state where the entropy is a maximum [4] -and in cosmology, from the observation of an expanding universe [5] . These apparent asymmetrical notions of time are also manifest in our everyday experiences as conscious observers; According to Wheeler, our notion of a past corresponds to experiencing a definite, informative, thus recordable set of events [6, 7] , and from an information theory perspective, they correspond to processes where entropy always increases or remains constant [7] . Understanding how a definite arrow of time emerges from a time reversal invariant microscopic dynamics is considered to be one of the challenging questions that comprise seemingly very different disciplines of physics [5, [7] [8] [9] [10] [11] .
Quantum theory is also invariant under a set of symmetry operations, and the time reversal symmetry in quantum mechanics was proposed as a discrete symmetry by Wigner [12] [13] [14] [15] : the Schrödinger equation for a time reversal invariant Hamiltonian is also invariant under time reversal (t → −t), if we perform a complex-conjugation of the wavefunction in the position basis [12, 14, 15] . The quantum system traces a corresponding trajectory backwards in the time reversed reference frame, following the action of the time reversal operator, which we denote by using the symbol Θ. Similarly, there are simple transformation rules for observables under the time reversal operation, Θx Θ −1 =x, Θp Θ −1 = −p,
in analogy with the time reversal properties of the corresponding classical variables x, p, and J, which agree with our intuitive notions of time reversal in classical dynamics [12, 14, 15] . Similar to the angular momentum observableĴ, the spin operator in quantum mechanics,Ŝ, also flips sign under time reversal [12, 14, 15] ,
A natural way of probing the time symmetry of quantum systems is by introducing appropriate measurements. While naively it would seem to destroy the time reversal invariance of the quantum system -as the conventional (strong) measurement corresponds to a many-to-one mapping of rays in the Hilbert space -we will show that by considering generalized measurements, we can represent dynamical equations which describe the measurement process in a time reversal invariant way. Different approaches have been made to bring in the notion of reversibility of measurement protocols earlier too, see the references [16, 17] for specific results on superconducting/solid state qubits as examples. Similarly, Dressel et al., have studied the emergence of a statistical arrow of time, while demanding time reversal invariance for the reduced dynamical equations of motion of the quantum system (a qubit in their case), being monitored in a time-continuous manner [18] . We generalize and extend their observations using the time reversal symmetry arguments of quantum mechanics, originally proposed by Wigner. In particular, we consider a single qubit interacting with a quantum measuring device in the Schrödinger picture, and provide an extended discussion of the time reversal symmetry of quantum mechanics in this setting, using the operator sum representation (also known as Kraus representation) [19] [20] [21] [22] . We discuss the unraveling of an arbitrary rank two qubit measurement, and show that the backward equations correspond to the retrodicted dynamics of the forward measurement [23] , starting from the time reversed final state. The special status of quantum non demolition measurements in these protocols is also discussed.
We emphasize that our approach to time reversal invariance in quantum measurements is quite different from similar attempts in the past [24] [25] [26] [27] [28] , since we necessitate time reversal invariance in the strongest form: in terms of the invariance of dynamical equations that describe the forward/backward measurement processes. This is achieved in two steps. First, we propose a scheme to time reverse the measurement operators of the forward dynamics (Sec. II). For a given forward dynamics resulting from a sequence of generalized measurements, this associates a corresponding trajectory in the time reversed frame of reference. In the second step, we unravel the measurement in the time reversed reference frame, starting from the time reversed final state (backward dynamics, Sec. III) and ending at the time reversed initial state. We find that the forward and the backward dynamics obey the same set of dynamical equations, demonstrating time reversal invariance in the strongest form for the measurement process. Our approach can be compared to a quite useful method introduced by Crooks [24] , where he derives the time reversed measurement operators for quantum systems from an operational point of view. His method explicitly relies on certain steady states of the quantum system being monitored to define the set of time reversed measurement operators, by requiring time symmetric probabilities of measurement outcomes with respect to the particular steady state. While that has many operational advantages, especially when it comes to discussions regarding the thermodynamics of quantum systems [29, 30] , such operational approaches lack the insights from a true microscopic time reversal invariance due to their sensitive dependence on particular steady states of the system a priori. The advantage of our method is that we do not rely on any particular state of the system, while retaining the time reversal invariance for probabilities of measurement outcomes as a consequence of the microscopic time reversal invariance. We would also like to point out that a similar approach has been implemented to characterize entropy production along quantum trajectories using a two measurement protocol, by Manzano et al [31] . In contrast, by using a continuous measurement scheme, we are able to relate the time symmetry we describe to the invariance of the governing dynamical equations in a simple way.
We also discuss how a statistical arrow of time can still emerge within our framework, and make qualitative predictions about when the arrow of time would run backward, although the dynamical equations are time reversal invariant. Our approach is in agreement with the intuitive notion that a definite arrow of time can arise because the events happening in one particular order are more probable or likely to occur than the time reversed sequence of events happening in the reverse order, leading to the definition of a statistical arrow of time as in references [18, 32] . A brief and comprehensive introduction to the development of the notion of arrow of time in quantum mechanics can be found in reference [33] . We also extend the definition of a statistical arrow of time introduced in [18] to ensembles prepared in a time symmetric manner via pre-and post-selections and to imperfect measurements. We identify particular examples when the arrow of time would vanish in pre-and post-selected ensembles, but we stress that this happens only for special boundary states. Generally the arrow of time will not vanish in pre-and post-selected ensembles, and we discuss how this is conceptually different from the ABL rule [26] , originating from a time symmetric formulation of quantum mechanics, in which the quantum arrow of time vanishes in pre-and post-selected ensembles. We also show that our arrow of time measure is able to capture the contribution to the time's arrow due to natural physical processes such as the relaxation of a qubit to its ground state in the case of qubit fluorescence.
This article is organized as follows. In Sec. II, we describe the time reversal of measurement operators by considering the Schrödinger picture dynamics of a qubit coupled to a measuring device. The unraveling of the measurement process Here is an illustration of our general prescription to defining the time reversed measurement operators. In the forward measurement, (a) the qubit is initialized in an unknown quantum state |ψ . (b) The system and the measuring device evolves unitarily and becomes entangled. (c) A strong measurement on the measuring device reveals the state of the measuring device after the interaction. (d) The state of the qubit is updated, conditioned on the state of the measuring device, |ψ f ∝MF |ψ . In our approach to defining time reversed measurement operators, (e) first the initial state of the measuring device and the qubit are time reversed. The time reversed qubit state is |ψ = Θ|ψ . (f) The system and measuring device evolves under the time reversed forward unitary that entangles the qubit with the meter device. The joint state would become the time reversal of the state in (b), obtained by applying the time reversal operator Θ. (g) The measuring device is projected on to the time reversed measurement state obtained in (c). If the readout was momentum of the measuring device p in the forward case, we assume that we obtain the readout −p in the measurement in the time reversed frame of reference (this scenario is worked out in Appendix A). (h) The qubit state is updated conditioned on the measurement readout in step (g), |ψ f ∝MR|ψ , where we assertMR
is discussed in Sec. III. We generalize the definition of a statistical arrow of time discussed by Dressel et al. [18] in Sec IV, and extend it to ensembles prepared with past and future boundary conditions. Defining the arrow of time for imperfect measurements is discussed in Appendix C. The methods we use in this paper also allows us to study what happens to the weak value in generalized quantum measurements under time reversal, and we discuss this in Sec. V. We substantiate our methods for extending time reversal symmetry arguments to generalized measurements by considering complementary situations worked out in the appendices.
II. TIME REVERSED MEASUREMENT OPERATORS FOR GENERALIZED MEASUREMENTS
In this section, we consider three particular examples of spin and qubit fluorescence measurements, and then a generic rank two qubit measurement, to demonstrate our scheme for obtaining measurement operators in the time reversed frame of reference (time reversed measurement operators). Applying this scheme to a sequence of measurements associates a time reversed trajectory for a given forward quantum trajectory. In section III, we discuss the unraveling of the time reversed trajectory backwards, starting from the time reversed final state and ending at the time reversed initial state ( generating the "backward trajectory"). We also show that the forward and the backward trajectories are described by the same set of dynamical equations, nevertheless, in Sec. IV we discuss how a statistical arrow of time [18] emerges by comparing probabilities of the forward and backward trajectories.
We first discuss a simple model for qubit measurements described by Gaussian measurement operators [34, 35] . This is a measurement scheme well known to experimentalists; the references [36] [37] [38] [39] present a variety of different paradigms where our conclusions can be investigated. Our approach to deriving the time reversed measurement operators can also be used in situations when the readout is not continuous, but discrete. To illustrate this, we consider a particular case when the measuring device is also a qubit, in Sec. II B. This measurement scheme has been used in rapid purification of a qubit, using feedback control [40] . We then study the time reversal of qubit fluorescence measurement operators in Sec. II C. The references [41] [42] [43] [44] describe some of the contexts where fluorescence measurement has been investigated experimentally, and are potential scenarios where our unraveling techniques discussed in Sec. III can be applied. We also propose a general rule to time reverse a generic rank two qubit measurement operator in Sec. II D. The forward and the time reversed measurement operators are also related by a probability equivalence, which is discussed in Appendix. B. Please see Fig. 1 for a pictorial illustration of our approach to defining time reversed measurement operators.
A. Gaussian measurement operators for continuous spin measurement
Here we review a quantum measurement model for obtaining Gaussian measurement operators [34, 35, 45, 46] for spin measurements, and obtain the corresponding operators in the time reversed reference frame. The quantum system being measured is a spin 1/2 particle (a qubit) and the measuring device is modeled as a continuous variable quantum system with quadraturesx andp. The relevant interaction between the qubit and the measuring device is described by a time reversal invariant HamiltonianĤ int :
The HamiltonianĤ int is time reversal invariant since both the observablesp andŜ are odd under time reversal. The quantum system is coupled to a measuring device via momentum operatorp of the measuring device, and the readouts correspond to the measurement of the position,x of the measuring device. The complementary situation, where the readouts correspond to the momentump of the measuring device, and the system of interest is coupled to the positionx of the measuring device, is discussed in Appendix. A. The derivation for Gaussian measurement operators presented here is quite similar to the approaches in references [45, 46] . We assume that the measuring device is initialized in a zero mean Gaussian quantum state,
We will use the notation |ψ m to indicate the time reversed quantum state, Θ|ψ m . We assume that the unknown quantum state of the system under measurement can be expressed in the eigenbasis of the observableŜ,
The joint initial state of quantum system and the measuring device is given by,
The quantum system and the measuring device evolve unitarily for a duration τ , generated by the interaction HamiltonianĤ int ,
The measurement is completed by projecting the measuring device onto the y basis, giving the readingȳ. The state of the quantum system change accordingly to the new (unnormalized) state,
This defines the forward measurement operator for the measurement,
The measurement operators on the continuous variableȳ form a POVM set with the following completeness relation,
Time reversed measurement operators
Now we derive the time reversed measurement operators from the time reversal symmetry arguments of quantum mechanics. We first compute the time reversal of the quantum state |ψ(τ ) ,
Here we use the fact that under the transformation,p andŜ both change sign, and the expression is complex conjugated. The statement above is also a re-statement of time reversal invariance of quantum mechanics in our particular case. It implies that the time reversal of a state after a finite time τ evolving under a time reversal invariant Hamiltonian is the same as the state obtained by time reversing the initial state and evolving backward in time for the same duration τ . In analogy with Eq. (10), we can re-write |ψ(τ ) ,
where we have used the time reversal invariance property of the state |ψ m in the position space. We now propose that the time reversed measurement operator is defined by projecting the state onto the time reversed measuring device quantum state, |ỹ = Θ|ȳ = |ȳ , corresponding to the measurement readoutȳ:
This defines the time reversed measurement operatorsM R (ȳ) for the readoutȳ,
The reverse measurement operatorsM R (ȳ) form a POVM obeying the following completeness relation,
We note that the functional form of the time reversed measurement operators are related to the corresponding timeforward measurement operators via a sign flip of the measurement recordȳ:
and we make the following assertion for the Gaussian measurement operators under time reversal operation, Θ,
This result is equivalent to the result obtained by Dressel et al., in [18] . The advantage of our method is that we explicitly derive the time reversed measurement operators for a qubit and Gaussian measurement, from first principle calculations involving the Schrödinger picture dynamics of a qubit coupled to a measuring device, and show that the time reversed measurement operators thus derived also satisfy a completeness relation similar to their forward counterparts. The case we discussed here is special, since the interaction HamiltonianĤ int itself is invariant under the time reversal symmetry operation. In the appendix, we show that this is not a strong requirement, and our approach can be extended to more general cases where Hamiltonian is appropriately modified under the time reversal operation, dictated by time reversal symmetry arguments of quantum mechanics.
B. A dichotomous POVM for spin measurement
We now consider a rather simpler model that generates the two outcome POVM used in continuously monitored qubits [40] , and derive the time reversed measurement operators in this discrete example using our approach. We consider a qubit interacting with another qubit (which we call the measuring device), via the controlled-NOT (c-NOT) unitary operation [47] 
where c and t label control and target qubit respectively. We suppress the labels in the following discussion for brevity. Let us assume that the unknown state of the qubit being monitored is in the state |ψ s , and the measuring device (qubit again) is initialized in the state |ψ m ,
The combined state of the system and the measuring device, |ψ f after the c-NOT operation, where the measuring device is considered to be the target bit and the system being monitored to be the control, is given by,
The measurement is completed by projecting the measuring device in the computational basis {|0 m , |1 m }, which defines the following forward measurement operators,
Further, note that the forward measurement operators satisfy the completeness relation,
We now derive the time reversed measurement operators in this case through the approach we take in this manuscript. Under time reversal, the c-NOT unitary is modified in the following manner,
This can be verified immediately from the following representation for the anti-unitary time reversal operator Θ for a qubit, Θ ≡ iσ y K, where iσ y is unitary,σ y being the familiar Pauli matrix observable for spin along y axis, and K indicating complex conjugation. Also note that under time reversal, a generic spin observablen. σ flips sign,
We also obtain the relations, |0 = Θ|0 = −|1 and |1 = Θ|1 = |0 using Θ ≡ iσ y K. The time reversed initial state, |ψ m ⊗ |ψ s , is given by,
The time reversed final state becomes,
Now we compute the time reversed measurement operators using our prescription, which is to project the final state to the time reversed state of the measuring device corresponding to the readout. We obtain,
Further, note that the time reversed measurement operators also form the same POVM set satisfying the completeness relation in Eq. (29) . The two elements in the set are cofactor matrices of each other, which means that they are proportional to the inverses of each other, where the proportionality constant is their determinant. We make the following assertions as a consequence,
where the time reversal operator exchanges the roles of 0 and 1 of the measuring device. This illustrates that our rules for time reversing measurement operators are also applicable when the measuring device is also a qubit. The measurement operators we considered so far, both the Gaussian POVM and the two outcome POVM for measuring the spin, were Hermitian. In the following we consider a different scenario of measurement of the fluorescence of a qubit, where the measurement operators are not Hermitian.
C. Fluorescence measurement of a qubit
Here we consider the case of a non-Hermitian measurement operator which appear in the fluorescence measurements of a qubit [48] . The fluorescence can be modeled as a special case of an atom (A) interacting with a single mode of a field (B), where the field initially is in the vacuum state (|0 ) while the atom can be in a generic state |ψ = a|0 + b|1 [48] . Following the resonant interaction for a duration δt, the atom and the field mode get entangled to the final state [48] ,
Here ǫ = γ 1 δt, where γ 1 is the relaxation rate. Subscripts A and B stand for the two level atom and the bosonic field mode respectively. The fluorescence measurement is completed by projecting the field mode onto a coherent state |α , which determines the forward measurement operatorsM F (α):
The forward measurement operators satisfy the (over)completeness relation:
Now let us consider our microscopic approach to defining time reversed measurement operators. The time reversed final state |ψ f is,
where we used the fact that the ground state and the first excited state of the field are time reversal invariant. Time reversal of a coherent state |α is the state |α * , which follows from the eigenvalue equation that defines a coherent state:â|α = α|α , whereâ is the field annihilation operator. By taking the time reversal of this defining equation, we obtain ΘâΘ −1 Θ|α = α * Θ|α . Since ΘâΘ −1 =â, it follows that Θ|α is also an eigenstate of the field annihilation operatorâ with eigenvalue α * , thereby asserting Θ|α = |α * . We can also see this from the definition of a coherent
|n , by applying the time reversal operator directly to the state. By projecting the field mode in Eq. (41) onto the time reversed coherent state Θ|α = |α * , we obtain the time reversed measurement operator,
where |ψ = Θ|ψ = −a * |1 + b * |0 . We further make the assertion that,
The time reversed measurement operators also form a POVM since they satisfy the (over)completeness relation,
The three examples discussed so far were specific, but ubiquitous in experiments using weakly or continuously monitored quantum systems [36] [37] [38] [39] [41] [42] [43] [44] . In the following, we show that our approach to obtaining measurement operators in the time reversed reference frame is more general than the particular illustrative examples we presented, and gives a better understanding of how to unravel the quantum trajectory of a qubit subjected to generalized measurements.
D. A generic rank two qubit measurement
So far we considered very specific examples to demonstrate time reversal of measurement operators. Here we conclude this discussion by noticing that our approach is quite general and can be used to study time reversal of measurement operators having a microscopic derivation similar to our discussion in the previous sections. To show this, we consider a qubit initialized in an arbitrary state |ψ , and the measuring device in the state |ψ M . After the qubit and the measuring device interact, the joint time evolved state can be written in the following generic form,
in the Schrödinger picture. The unnormalized states |ψ ij ǫ H M : Hilbert space of the measuring device, where i, j ǫ {0, 1}, contain information about the interaction. The forward measurement operator can be found by projecting the measuring device onto a particular state |φ ,
Now the time reversed measurement operators can be defined by first considering the time reversed final state, |ψ f = Θ|ψ f , and projecting the measuring device onto the time reversed state |φ f = Θ|φ f :
and we assert thatM R ≡ ΘM F Θ −1 in agreement with our discussions in the previous sections. Since the time reversal operator is anti-unitary, we also have φ |ψ ij = φ|ψ ij * ∀ i, j ǫ {0, 1}. Now a little algebra leads to the straightforward conclusion for rank two qubit measurement operators we consider,
where the invertibility ofM † F is guaranteed since the measurement operators are of rank 2. From Eq. (49) we notice thatM † FM R ∝ I. The qubit trajectory can be reversed by first applying the time reversal operation to the final state, and then applying the Hermitian conjugate of forward sequence of measurement operators in reverse order, which will take the system back to the time reversed initial state. This property is discussed in detail in the coming section. We also add that while the above relation holds true for any two by two matrix with complex elements, they have to satisfy the completeness relation for a particular POVM set in order to qualify as a valid measurement operator, reminiscent of the fact that they can be derived from a microscopic unitary dynamics.
Further note that our discussion here is closely related to the discussion of undoing quantum measurements by further measurements [17, 49] ; In particular, Eq. (49) also tells us that the the measurement which undoes a previous measurement will be proportional to the Hermitian conjugate ofM R , sinceM † RM F ∝ I. Such inverse measurements in general can be understood as a combination of unitary rotations and a dispersive measurement, using the singular value decomposition of the measurement operator, discussed in Sec. III [49] .
III. UNRAVELING THE QUANTUM STATE DYNAMICS
Recall that the statement of time reversal symmetry of Schrödinger equation in quantum mechanics is equivalent to the following statement: A quantum system evolves unitarily for a time τ from |ψ(0) to |ψ(τ ) via the operation U(τ ), and if the generator of unitary dynamics (i.e. Hamiltonian for time evolution) is time reversal invariant, the system evolves to the time reversed initial state Θ|ψ(0) , by the action of the same unitary operator U(τ ) following the time reversal operation on the final state:
where we also note that time reversal operation is reversible up to a global factor η (This follows from the standard form of the time reversal operator, Θ ≡Û K : we have Θ 2 =Û KÛ K =ÛÛ * K 2 =ÛÛ * = η, where η is a complex number. Since ηÛ † =Û * , we haveÛ
). Note that a similar statement to Eq. (50) is true for single qubit unitary operators, although since the generators of unitary rotations in the Bloch sphere flips sign under time reversal, the unitary operator that reverses the dynamics after applying the time reversal operator is the Hermitian conjugate of the original unitary operator. This statement can be extended to the case of generalized measurements using the methods we discussed in Sec. II D. We now propose the following generalized statement about unraveling the quantum state dynamics subjected to measurements:
where " ∝ " indicates that the statement is true up to a normalization constant which can be determined. The above statement is valid for any rank two qubit operators, including single qubit unitaries. Note that we are effectively flipping the sign of any Rabi drive in the reverse dynamics since we are applying the Hermitian conjugate of the unitary operator in retrodiction, in agreement with the approach in Ref. [18] . Further applying Θ at the end of Eq. (51) again reverses the time reversal operator up to a sign, since Θ 2 = −1 for spin systems. We thus obtain the analogous conclusion, that a qubit subjected to a generalized spin measurement, following time reversal operation, evolves towards the time reversed initial state, when acted upon again by the (Hermitian conjugate of the) measurement operator. We call Eq. (51) the active perspective of time reversal in this manuscript, where the reversed dynamics occur through sign flipped Bloch sphere coordinates. Further note that Eq. (49) also impliesM † RM F ∝ I. Hence there is an equivalent description for time reversing qubit trajectories without having to sign flip the Bloch sphere coordinates. We call this the passive perspective of time reversal where we do not apply the time reversal operator to the final state, rather apply the (Hermitian conjugate of) time reversed measurement operators in reverse order in order to undo a set of forward measurements. A more detailed description of the two perspectives for Gaussian spin measurements can be found in Ref. [18] . We also discuss this in Sec. IV.
We also note that updating information using Hermitian conjugate of measurement operators is known as retrodiction of the measurement [23] . In the active perspective of time reversal, the equations of motion for qubit trajectories for the reversed dynamics would be identical to the retrodicted trajectory equations [23] , while the major difference is that the time reversed dynamics starts from the time reversed final state of the qubit, and retrodiction evolves this state to the time reversed initial state. We stress that this is a stronger result than the time reversal invariance of quantum measurements usually considered (see, for example, Refs. [25, 26] ), since our approach also keeps the state dynamics time reversal invariant in addition to the probabilistic equivalence of measurement operators discussed in Appendix. B. The general procedure of retrodiction can be applied to strong measurements as well, so one might naively think that our rule can be applied to reverse strong measurements too. This is not possible for the following two reasons. First, the time reversal operation takes a qubit state to the orthogonal quantum state, and hence retrodiction from the time reversed final state annihilates the state. Second, the requirement that the measurement operators should have nonzero eigenvalues for them to be invertible; projection operators for qubit are rank one measurement operators and hence they are not invertible. The limit of strong measurements can be taken nevertheless (for example, the limit γ → 1 in the example we consider in Sec. II B), leading to an arrow of time that is infinite.
Further note that any arbitrary 2 × 2 matrixM with complex elements can be written as a product of a unitary matrix U, a diagonal matrix with non-negative elements D and another unitary operator V † using the singular value decomposition:M = UDV † . This alternatively suggest that any single qubit measurement operator can be decomposed into rotations and weak measurements along the computational basis (Ŝ z basis) described by the operator D, whose diagonal entries are the singular values ofM . This method of decomposing the measurement operator to unitary rotations and a quantum non demolition measurement has been used previously for the purpose of undoing quantum measurements on a qubit [17, 49] . The advantage of using singular value decomposition is that it allows us to treat readouts of the measurement along the z axis and the rotation angles as invariant quantities under time reversal, while the axis of rotation are sign flipped; the forward measurement can be decomposed intoŜ z measurement readouts and angle of rotations, and the backward considers the same set of measurement readouts and angle of rotations in the reverse order.
A. Unraveling the fluorescence measurement
As a particular example to demonstrate our approach to reversing the measurement dynamics, here we consider the fluorescence measurement of a qubit discussed in Sec. II C, and show that the backward equations correspond to the retrodicted equations for the time reversed quantum state. For the measurement readout α, along the unitary time evolutionÛ δt generated by the qubit Hamiltonian,Ĥ = Ω 2σ y , the forward time evolution of the density matrix is (units of = 1), We can also write down the following set of equations for the time evolution of the Bloch coordinates, x, y and z [48] for the qubit density matrix ρ(t) defined as ρ(t) =
Note that this is a set of filtering equations given the measurement record Q and I. Here the normalized readout variables Q and I are related to α as Re(α) = I dt/2, and Im(α) = −Q dt/2 [48] . Now we consider the retrodicted time evolution of a density matrix, ρ
One obtains the following equations for the time evolution of the Bloch coordinates, x ′ , y ′ and z ′ :
We note that if ρ ′ (t ′ ) were a time reversed state, x ′ → −x, y ′ → −y and z ′ → −z, and t ′ → T − t, the retrodicted equations are same as the forward equations, but the time evolution is such that starting from the time reversed final state, the qubit traces the time reversed Bloch sphere coordinates back to the time reversed initial state, consistent with Eq. (51). Note that in the equations for the time reversed state, we have effectively flipped the sign of Ω by applying the Hermitian conjugate of the unitary operator in retrodiction. Please see Fig. 2 where we plot the forward and backward trajectories for the fluorescence measurement.
IV. ORIGIN OF A STATISTICAL ARROW OF TIME
The main result we have in this article is presented in Eq. (51), where we showed that given a measurement record, a generalized quantum measurement can be described in both forward/backward directions in time. This timesymmetry manifests in the set of dynamical equations for generalized quantum measurements as the equations being time reversal invariant, thereby demonstrating time reversal invariance in the strongest form. We now look at how one could obtain an arrow of time for generalized measurements, when the equations of motion are time-reversal invariant. A discussion of this can be found in the paper by Dressel et al., using a Bayesian approach [18] for the case of Gaussian spin measurements we discussed in Sec. II A. Here we first discuss the essence of their arguments from our point of view, and also extend the notion of a statistical arrow of time to ensembles prepared in a time symmetrical manner using pre-and post-selections. A method to compute the arrow of time for imperfect measurements is discussed in Appendix. C.
Consider a given sequence of measurement outcomes {r n } where it may be obtained from any rank two qubit measurement process. Our prior knowledge about whether a given sequence corresponds to either the forward or the backward protocol is considered to be non-informative (uniform). For a given set of initial and final states {|ψ i , |ψ f },
, we can compute the probability of obtaining the sequence {r n } in the forward direction as,
Similarly, the probability of the backward trajectory is given by,
Here n ′ denotes that the sequence of measurement {r n ′ } is considered in the reverse order. The sense in which measurement operators are time reversed by the action of the time reversal operator Θ is discussed in detail in Sec. II. For example, Eq. (22) describes how the time reversal operator modifies the Gaussian spin measurement operators, where the measurement record is simply sign flipped. From Eq. (51), it is clear that,
Note that when the measurement operators are Hermitian, reversing the trajectory is equivalent to considering the measurement record in the reverse order, as would be the case for a sequence of measurements described by Gaussian measurement operators. In comparison to the treatment in [18] , we add that our approach treats the sequence of measurement readouts {r n } as invariant for the Gaussian spin measurement. This is called the active perspective of time reversal where only the Bloch sphere coordinates are sign flipped under time reversal: x(t) → −x(T − t), y(t) → −y(T − t) and z(t) → −z(T − t), while the measurement record simply reverses its time ordering [18] . In contrast, the measurement record is sign negated in the passive perspective of time reversal for spin measurements: r(t) → −r(T − t) under time reversal, while the Bloch sphere coordinates are considered invariant under time reversal [18] . If the measurement operators are not Hermitian, one can use singular value decomposition to split the measurement operators into two rotations, and a measurement alongŜ z axis, such as the measurement record is still invariant under reversal of the measurement dynamics. Assuming uniform prior probabilities P (F ) = P (R) = 1 2 , Bayes rule gives the relation [18] ,
where R =
PF ({rn})
PB ({r n ′ }) . Dressel et al., defines the quantity log R to be the statistical arrow of time, as a statistical average over an ensemble of measurement readouts [18] .
The active perspective of time reversal, where the Bloch sphere coordinates are sign flipped, can also be used to make qualitative predictions about when would the arrow of time run backward, like in the case of a continuously monitored qubit measured along the z direction. Because the z coordinate flips sign, a measurement readoutr is more probable in the backward trajectory when the readout disagrees with the forward measurement outcome in the forward measurement [18] . For example, in the forward measurement when the qubit is aligned more towards the positive z direction, statistically it is still possible -though less probable -that the readout will correspond Backward measurement Consider a qubit state |ψi initially pointing closely towards the |+ state (top of Bloch sphere) of the measurement operator Sz. Even though it is highly probable that a weakly coupled measuring device would give a readout corresponding to the + 2 eigenvalue, there is a small nonzero probability that the measurement readout may correspond to the − 2 eigenvalue, indicated by the green arrow. We assume that the measurement was sufficiently weak so the quantum state after the measurement, |ψ f is still on the upper hemisphere of the Bloch sphere, as shown in the top panel here. Now we consider the unraveling of this measurement process, as described using Eq. (51). We first time reverse the final state, Θ|ψ f = |ψ f , upon which the Bloch sphere coordinates of the qubit are parity reversed, and then apply the same measurement operator corresponding to the readout (green arrow), which takes the quantum state back towards the time reversed initial state |ψi = Θ|ψi . We notice that for this particular example that we have considered, the time reversed sequence of events are more likely to happen in probability: A quantum state initially pointing towards the state |+ when subjected to a sufficiently weak measurement gives a measurement readout that correspond to the − 2 eigenvalue, taking it more closer towards the |− eigenstate (bottom of Bloch sphere) of the measurement operatorŜz. Since the probability of the backward measurement is larger compared to the forward measurement this illustrative example suggests a backward arrow of time.
to a spin measured along the negative z axis. If the measurement was weak enough, the qubit stays in the upper hemisphere of the Bloch sphere even after the measurement. Under the time reversal operation on the final state, the qubit represented in Bloch sphere coordinates is parity reversed to the lower hemisphere, and then the measurement readout along negative z has a higher probability, indicating an arrow of time that runs backward. This idea is illustrated qualitatively in Fig. 3 .
In the following, we extend the definition of a statistical arrow of time to pre-and post-selected ensembles and discuss particular examples when the arrow of time would vanish, and an example where it does not vanish. We compute the statistical arrow of time for the fluorescence measurement in Sec. IV B and find its stochastic average. A possible extension for the arrow of time measure when the measurements are not perfect is discussed in Appendix. C.
A. Arrow of time in pre-and post-selected sub-ensembles
The definition of a statistical arrow of time can also be extended to ensembles prepared in a time symmetric manner via pre-and post-selections onto particular states of the quantum system in the following sense. We again consider a sequence of measurement outcomes {r n } obtained starting from a pre-selected quantum state |φ i , and then study the sub-ensemble obtained by post-selecting onto a particular final state φ f | of the qubit. The forward probability P F ({r n }) in this case is defined by,
where the forward measurement operatorsM F (r n ) are applied in the order of measurements. The readoutsr n may also correspond to unitary rotations. The definition of the forward probability, P F ({r n }|φ i , φ f ), is also in agreement with Ref. [24] . Similar to our previous discussions, we may now compute the backward probability, P B ({r n ′ }|φ i ,φ f ) for the ensemble, by assuming that the sequence of measurements {r n ′ } are obtained in the backward measurement, starting from the time reversed final state |φ f = Θ|φ f , apply the same measurement operators in the reverse order [as required from Eq. (51)], and "post-select" onto the time reversed initial state φ i | = φ i |Θ,
where n ′ denotes that the sequence of measurements are considered in the reverse order. Again, if the forward measurement operators are not Hermitian, one may use the singular value decomposition of the measurement operator such that the measurement record is invariant under time reversal in a certain sense. From a Bayesian point of view, we may quantify this statistical arrow of time as the logarithm of the ratio of the forward and the backward probabilities, log R ′ , where
. We add that although the arrow of time can sensitively depend on the particular pre-and post-selected ensembles, the general statement of the existence of an arrow of time on such sub-ensembles is still valid on more general grounds, since the discussion of a statistical arrow of time of Dressel et al. [18] , is a special case of a pre-and post-selected sub-ensemble when the post-selected state coincides with the actual final state obtained at the end of the continuous measurement.
The forward probability P F ({r n }|φ i , φ f ) and the backward probability P B ({r n ′ }|φ i ,φ f ), are in general different for a given set of initial and final states due to the time reversal symmetry operation Θ: the time reversal symmetry operation inverts the parity of the state in the Bloch sphere (x → −x, y → −y and z → −z), and the probabilities are preserved only in some special cases, as can be seen from a general identity of time reversal operation,
Where M refers to the product of forward measurement operators appearing in Eq. (60). If M was a two by two unitary matrix, which has the general formÛ = e iδ e −in. σθ for an axis of rotationn, we note thatŨ † = e 2iδÛ † , and from Equations (60), (61), and (62), we can conclude that the arrow of time vanishes when M is unitary. Yet another scenario when the arrow of time would vanish can be constructed for pre-and post-selected ensembles. This would correspond to the situation when the pre-and post-selected states are time reversals of each other {|φ i = |ψ , |φ f = |ψ }, and the product of the sequence measurement operators, M, is either Unitary or Hermitian. To see this we rewrite,
and
Here we use the notation ψ |M|ψ = Mψ ,ψ , since |ψ and |ψ form an orthonormal basis set for the qubit. When the product of the sequence measurement operators M is Hermitian, we have M † = M leading to P B ({r n ′ }) = P F ({r n }), and a vanishing arrow of time. This would be the case for continuous spin measurements we discussed previously, when the Hamiltonian is set to zero. Further note that if M is a two by two unitary matrix, it satisfies the relation |Mψ ,ψ | = |(M † )ψ ,ψ |, again leading to a vanishing arrow of time.
Although particular examples like this can be constructed where the statistical arrow of time vanishes, we emphasize that the conclusion is not generally true in pre and post-selected ensembles, unlike the notion of a vanishing arrow of time that is inbuilt in the ABL rule [26] ; the point of departure from their time symmetry argument is that we consider a microscopic reversal of quantum dynamics which keeps the dynamical equations time reversal invariant; The quantum states in the backward trajectory are either the time reversal of the states we obtained in the forward direction (in the active perspective to time reversal), or they are exactly the same states we obtained in the forward direction (in the passive perspective to time reversal). The ABL rule (or possible extensions to the ABL rule, for example, the one discussed in [25] ) does not discuss such a reversal of the dynamics, rather the time symmetry is similar to what we discussed in Appendix. B where the expression for the forward probability can be equally understood as a reverse probability. Our argument is that the arrow of time should not be based on the forward and reverse probabilities defined in Appendix. B, rather should arise from considerations of reversal of the quantum dynamics we discussed in Sec. III and Sec. IV.
Example: non-vanishing arrow of time with past and future boundary conditions
Here we discuss a simple example to demonstrate the non-vanishing arrow of time with past and future boundary conditions, for the spin measurement process described in Sec. II B. Consider the situation when we preselect the ensemble to the state |ψ i = α i |0 + β i |1 , perform the measurement, and then post-select onto the state |ψ f = α f |0 + β f |1 . When the measuring device collapses to the state |0 m , the system being measured is updated by the measurement operatorM F (0). The forward and backward probabilities can be computed using Eqns. (63) and (64), leading to the statistical arrow of time:
The measure log R is not zero in general. For example, in the above case when the qubit is initialized in the |σ x , + state with coefficients
, and after measurement if we post-select the final state to |σ z , + with coefficients α f = 1, β f = 0, we obtain log R = log[γ/(1 − γ)]. The statistical arrow of time is pointed backward in this example when γ < 1/2. Instead, a post-selection onto the state |σ z , − with coefficients α f = 0, β f = 1, will give log R = log[(1 − γ)/γ], in which case the arrow of time runs forward when γ < 1/2. We note that the probability of realizing a particular measurement outcome depend sensitively on both the initial and final states and the time ordering of these boundary conditions, leading to a statical arrow of time which is not zero in general.
However, if we choose α f = β * i and β f = −α * i in Eq. (65), we find that log R = 0 as an illustration of a vanishing arrow of time when the measurement operator is Hermitian and the pre-and post-selected states are time reversals of each other. Further note that the time symmetric probability relation obtained in Appendix. B also extends to situations when we post-select onto particular states of the quantum system being measured. For the example considered above, we find that the reverse probability p R defined in Appendix. B,
as a consequence of the anti-unitary nature of the time reversal operator Θ. The forward probability p F ≡ P F by definition, although we use different notations to differentiate between the two contexts discussed in Appendix. B and Sec. IV respectively.
B. Arrow of time for fluorescence
In this section, we compute a closed form expression for the statistical arrow of time for the fluorescence measurement we considered in Sec. II C, and compute its average value, averaged over the noise in the measurement readouts. The probability of obtaining readouts Q and I, assuming the measurement is running forward can be written as [48] :
where γ 1 is the relaxation rate and x(t), y(t) and z(t) are the Bloch sphere coordinates as a function of time. The time reversal of this integral is obtained by flipping the sign of the Bloch sphere coordinates at all times. The arrow of time ratio can be obtained as the logarithmic difference between the two:
Interestingly, the last term with coefficient γ 1 indicates that the relaxation process contribute to the arrow of time in addition to the measurement contributions through the first two terms. This is yet another advantage of our prescription for computing the arrow of time, that it is able to capture the contributions to the time's flow due to a physical process inherent to the quantum system, like the atom relaxing to its ground state in this example. To compute the average value of log R, we write the Stratonovich integral in Eq. (68) as a discrete sum, log R = 2 dt
We can write the readouts I(t) = γ1 2 x(t) + ζ x (t) and Q(t) = γ1 2 y(t) + ζ y (t) where ζ k : k = x, y, are Gaussian white noises of variance 1 dt each. We find, log R = 2 dt
where we used the differential form of dynamical equations (53):
Substituting this back into Eq (70) and averaging over the noise, we find that terms linear in ζ k : k = x, y, do not contribute to the stochastic average. The quadratic terms (ζ k ) 2 : k = x, y, when multiplied by dt and averaged over the ensemble is equal to one since the variance of ζ k : k = x, y, is 1 dt . We assume that the two noises corresponding to the readouts Q and I respectively have no cross correlation and hence the ensemble average ζ x ζ y is taken to be zero. We retain terms which are linear in dt, and neglect higher order terms leading to the result:
or in the continuum limit,
where . indicate that we are averaging over the noise. The last term in Eq. (75) is interesting. For the fluorescence measurement, the term −γ 1 z implies that when the qubit spends more time nearer to the ground state (z = −1) it speeds up the arrow of time, making it easier to distinguish the times arrow, as opposed to the case when the qubit is close to the excited state (z = 1) where it slows it down. The average value of the arrow of time for the dispersive z measurement has been obtained previously by Dressel et al. [18] , as:
where the subscript d indicates dispersive measurement. We note that the two results in Eq. (75) in the fluorescence measurement is analogous to the inverse of the measurement strength, τ for the dispersive measurement.
V. SPECIAL CASE: TIME REVERSAL OF THE WEAK VALUE
Weak values in generalized quantum measurements describe anomalous readouts of the measuring device when the system under measurement is post-selected onto a definite final state after the interaction with the measuring device [34, 35] . In this section, we discuss what happens to the weak value under time reversal in our approach. To begin with, we again assume that the measuring device is initialized in a zero mean Gaussian quantum state |ψ m , and the unknown quantum state of the system under measurement to be |ψ s , such that the joint initial state of quantum system and the measuring device is given by,
The quantum system and the measuring device evolves unitarily for a duration τ , generated by the interaction HamiltonianĤ int = kpŜ,
Now the state of the system is post-selected onto a particular final state ψ f |, leaving the unobserved state of the measuring device in the following state,
where we note that the wavefunction of the measuring device is an approximate Gaussian in the position basis,
and we have used the definition of the weak value, S ω [34, 35] ,
The relevant conditions and validity of the approximations made in Eq. (82) is discussed at length in [35] . We now look at what happens to the "weak value" under time reversal operation using our approach, by which we mean that, operationally, the time reversed final state |ψ(τ ) , is projected onto the the time reversed post-selected state, ψ f |.
We note that the wavefunction of the measuring device in the position basis is again an approximate Gaussian,
where we have defined the quantity,S ω ,S
Note that time reversal symmetry establishes the following relations,
We thus obtain the relation,S
where S ω is the forward weak value for measurement of the operator S. From equations (82), (88) and (93), we conclude that the weak value is simply complex-conjugated under the time reversal operation, since Eq. (89) represents a measuring device state peaked at S * ω . This is what one would naively expect since weak value S ω is a complex number. In addition to that, we note that the wavefunction of the measuring device after post-selection in the time reversed case is related to the time forward case by the relation,ψ m (x) = ψ * m (x), in agreement with the time reversal symmetry of the wavefunction in position basis. The complementary scenario when the qubit is coupled to the position of the measuring device is considered in the Appendix.
It is useful to compute the three probabilities we discuss in this manuscript, p F , p R and p B for the measurement protocol described above. Here p F and p R respectively are the forward and reverse probabilities discussed in Appendix. B. The probabilities p F and p B respectively are also the forward and backward probabilities we use to compute the statistical arrow of time in Sec. IV A. We first find the relation between p F and p R . We note that the forward probability p F ({|ψ s , |ψ f }) of post-selecting the qubit onto the state |ψ f when the qubit (prior to the measurement) is initialized in the state |ψ s can be written as,
where p R ({|ψ s , |ψ f }) is the probability of post-selecting onto the state |ψ f in the reverse protocol that we used to find the time reversed weak value earlier in this section. We have also used the relation, x| ψ f |ψ(τ ) = ψ (τ )|ψ f |x and the time reversal invariance of the state |x : Θ|x = |x . The equivalence in probabilities discussed in Eq. (94) is similar to what we have discussed in Appendix. B for forward and time reversed measurement operators. Further note that the probability p F ({|ψ s , |ψ f }) of post-selecting onto the state |ψ f in the forward direction can be computed exactly in the following manner. Assume that the initial state of the system, |ψ s = α s |0 + β s |1 . The state |ψ F (τ ) of the forward measurement becomes [34, 35] :
where |ψ 0 and |ψ 1 are real Gaussian states of the measuring device with mean values kτ /2 and −kτ /2 respectively (units in which = 1). The probability of post-selecting onto the final state |ψ f = α f |0 + β f |1 of the qubit is,
where ε 0 = α * f α s and ε 1 = β * f β s . We now define the backward probability p B ({|ψ s , |ψ f }) as the probability of the qubit being post-selected onto (the time reversed initial state in the forward measurement) |ψ s = −α * s |1 + β * s |0 when it was initialized in (the time reversed final state in the forward measurement) |ψ f = −α * f |1 + β * f |0 . Since the interaction Hamiltonian is invariant under time reversal operation, we obtain,
and the backward probability, p B ({|ψ s , |ψ f }) = |α * f α s |ψ 1 + β * f β s |ψ 0 | 2 = |ε 1 |ψ 0 + ε 0 |ψ 1 | 2 .
Since |ψ 0 and |ψ 1 are real Gaussian quantum states of the measuring device, we have ψ 0 |ψ 1 = ψ 1 |ψ 0 . This leads to the result p F = p B and a vanishing arrow of time with past and future boundary conditions for the qubit in this example. To conclude, we find that the three probabilities satisfy the relation p F = p R = p B in the measurement protocol that originally defined the weak value in quantum mechanics [34, 35] .
VI. CONCLUSIONS
This paper extended the notion of microscopic time reversal in quantum mechanics to include reversible measurements on a qubit described by rank two measurement operators. We derived time reversed measurement operators for generic forward measurements by incorporating Wigner's ideas of time reversal to the measurement model and showed that the unraveling of the measurement backward is described by the same set of equations as the forward dynamics, starting from the time reversed final state. Particular examples of generalized spin measurements and qubit fluorescence were discussed. We also compared our methods for unraveling quantum measurements to earlier notions of uncollapsing a wavefunction by undoing quantum measurements.
Further, we extended the notion of a statistical arrow of time for qubit measurements to arbitrary rank two qubit measurements, and to ensembles prepared with past and future boundary conditions via pre-and post-selections. We noticed that the backward probabilities can be computed by a process similar to retrodiction from the time reversed final state, and that the statistical arrow of time does not vanish in general situations involving pre-and post-selections; This is remarkably different from the notion of a vanishing arrow of time in quantum mechanics with past and future boundary conditions, where time symmetric probabilities are obtained using the ABL rule. The difference arises from our also demanding time reversal symmetry of the quantum state dynamics, rather than just time reversal symmetry in the probability of measurement results. Sufficient conditions for vanishing time's arrow are also discussed. Our arrow of time is also able to capture the contributions to the time's arrow due to natural physical processes like relaxation of an atom to its ground state. We also revisited the notion of a weak value in quantum mechanics and recovered correct transformation rules for the weak value and the wavefunction of the measuring device under time reversal using our approach.
The quantum system and the measuring device evolves unitarily for a duration τ , generated by the interaction HamiltonianĤ int , |ψ(τ ) = e ikxŜτ |ψ(0) = n ′ 1 (2πδ 2 ) 1/4 ∞ −∞ dp e 
The generalized measurement corresponds to looking at the momentum of the measuring device, or equivalently projecting to one of the momentum eigenstates |p . This gives the forward measurement operators,M F (p): 
We obtain the same relation between the forward and time reversed measurement operators,
for the case in which the measurement reading is the momentum of the measuring device. The time reversed measurement operators also form a POVM set again, satisfying the completeness relation,
which flips sign under the time reversal operation. We first consider the forward case. The measuring device is initialized in a zero mean Gaussian quantum state |ψ m (in the momentum space), and the the unknown quantum state of the system under measurement is denoted as |ψ s , such that the joint initial state of quantum system and the measuring device is given by,
